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Abstract. After Galvez, Martinez and Milan discovered a (Weierstrass-type) 
holomorphic representation formula for flat surfaces in hyperbolic 3-space 
the first, third and fourth authors here gave a framework for complete flat 
fronts with singularities in H'^ . In the present work we broaden the notion of 
completeness to weak completeness, and of front to p-front. As a front is a 
p-front and completeness implies weak completeness, the new framework and 
results here apply to a more general class of flat surfaces. 

This more general class contains the caustics of flat fronts — shown also to 
be flat by Roitman (who gave a holomorphic representation formula for them) 
— which arc an important class of surfaces and are generally not complete 
but only weakly complete. Furthermore, although flat fronts have globally 
defined normals, caustics might not, making them flat fronts only locally, and 
hence only p-fronts. Using the new framework, we obtain characterizations for 
caustics. 



1. Introduction 
For an arbitrary Riemannian 3-nianifold N^, a C°°-map 

/: > 

from a 2-manifold is a (wave) front if / lifts to a smooth immersed section 

Lf : — > TiN'^i^ T^N^) 

of the unit tangent vector bundle TiN^ such that df{X) is perpendicular to Lf{p) 
for all X e TpAP and p £ Af^. Fronts generalize immersions, as they allow for 
singularities. The lift L f can be viewed as a globally defined unit normal vector field 
of /. However, global definedness of L/ can be a stronger condition than desired. 
Sometimes p-fronts are more appropriate: The map / is called a p-front if for each 
p £ M^, there is a neighborhood U oi p such that the restriction f\u is a front. 
The projectified cotangent bundle P{T*N^) has a canonical contact structure, and 
a p-front can be considered as the projection of a Legendrian immersion of 
into P{T*N^). A p-front / is a front if and only if there exists a globally defined 
unit normal vector field, in which case we say / is co-orientable. Otherwise, / is 
non-co-orientable. 

For example. Figure ^ (a) is a plane curve front with a globally defined unit 
normal vector field. On the other hand, Figure ^ (b) is the limagon, whose unit 
normal vector field is not single- valued on the curve. Rotating the first curve about 
its central vertical axis gives a surface like a "flying saucer", which is a front in 
Euclidean space . If we rotate the limagon about an axis disjoint from it, we get 
a torus with one cuspidal edge, which is a non-co-orientable p-front. 
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Figure 1. A flying saucer front and toroidal p-front. 



Now let be the hyperbolic 3-space of constant curvature —1, and 

f: — > H'^{C L'^) 

a front with a unit normal vector field v : Sf , where 5'^ denotes the de Sitter 

space in the Minkowski 4-space L'^. Then for each real number t 

ft^ (cosht)/ + (sinht)j/ 
^ ' ' j/t = (cosht)j/+ (sinhi)/ 

gives a new front called a parallel front of /. If / is a flat surface, then the parallel 
surfaces ft are flat as well (basic properties of flat surfaces in are in 
[KUYlj . |KUY2j 'l. So we say that / is a flat front if for each p S AP, there exist 
a real number t £ R and a neighborhood U of p so that the restriction ft\u is an 
immersion with vanishing Gaussian curvature. Hence each parallel front ft of / is 
also a flat front. Moreover, for each non-umbilic point p G Af^, there is a unique 
t(p) e i? so that /t(p) is not an immersion at p (see Remark 12 . Ill for details). Then 
the singular locus (or equivalently, the set of focal points) is the image of the map 

Cf : \ {umbiUc points} 9 p i — > ft(p) G , 

which is called the caustic (or focal surface) of /. Roitman ^ pointed out that Cf 
is a flat p-front, and gave a holomorphic representation formula for such caustics. 
We remark that caustics of flat surfaces in H? and the 3-sphere S*"^ are also flat. 
However, the caustics of complete flat fronts are not fronts in general, as the unit 
normal vector field of Cf might not extend globally. Moreover, they might not be 
complete, since the singular set may accumulate at the ends; they instead satisfy 
the weaker condition weak completeness. The purpose of this paper is to give a 
broader framework for flat surfaces in that contains the caustics and gives 
characterizations of them. 

After giving preliminaries in Section [3 in Section |31 we define the notion "weak 
completeness" of fronts. There we also define / to be of finite type if the hermitian 
part of the first fundamental form with respect to the complex structure induced 
by the second fundamental form has finite total curvature, and then prove: 

Theorem A. A complete flat front is weakly complete and of finite type. Con- 
versely, if f : Af ^ — > is a weakly complete fiat front of finite type, then there 
exists a finite set of real numbers ti, . . . ,tn such that ft '■ Af^ — > is a complete 
flat front for all t Cz R \ {ti, . . . , t„}. 

Section [SI is a study of p-fronts, where we prove that any non-co-orientable p- 
front is the projection of a doubly-covering front, and we prove Theorem ^ For a 
regular surface, orientability and co-orientability are the same notion, but this is 
not so for p-fronts, as this theorem shows. 



Theorem B. Any flat p-front is orientable. 
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This is an important property of flat surfaces in H^, because, there do in fact 
exist flat Mobius bands in and S"^. (For S"^ this is a deep fact, since such a front 
in can be of class C°°, but is never C"^, see Galvez and Mira |GM1| .) 

Section El summarizes properties of caustics. In Section |Z| we investigate ends 
of the caustic C/ of a given flat front /. The ends of C/ come from the umbiUc 
points or the ends of /, called U-ends and E-ends of C/, respectively. Calling an 
end regular if the two hyperbolic Gauss maps have at most poles at the end, we 
prove: 

Theorem C. For a non-totally-umbilic flat front f: — > , the following 
assertions are equivalent: 

(1) A/^ is biholomorphic to M \ {pi, . . . ,p„} for some compact Riemann sur- 
face M containing the points pj , and f is a weakly complete flat front, all 
of whose ends are regular. 

(2) The caustic Cf is a weakly complete p-front of finite type, all of whose ends 
are regular. 

Remark. 1) The asymptotic behavior of weakly complete regular ends will be 
treated in the forthcoming |KRUY| . 2) Generic singularities of flat fronts in 
consist of cuspidal edges and swallowtails |KRSUYj . But although cone-like sin- 
gularities of fronts are not generic, they are still important. Several remarkable 
results on flat surfaces with cone-like singularities were recently given by Galvez 
and Mira |GM2j . 3) A differential geometric viewpoint of fronts was given in jSUY| , 
where "singular curvature" on cuspidal edges was introduced. Cuspidal edges on 
flat fronts in have negative singular curvature |SUYI Theorem 3.1]. 

We also provide new examples, in addition to known examples, showing that the 
results here are not vacuous. We characterize the known flat fronts of revolution 
and peach fronts in terms of their caustics, in Section 1^1 In Section 0] we prove 
the general existence of complete flat fronts with given orders of ends on arbitrary 
Riemann surfaces of finite topology, and in particular give explicit data for examples 
of genus k with Ak + 1 embedded ends for all fc > 1. Also, in Sectional we give an 
example of a weakly complete p-front that is not the caustic of any flat front. 

Acknowledgement. The third and fourth authors thank A. J. Galvez, A. Martinez 
and P. Mira for fruitful discussions at Granada University. The authors also thank 
the referee for a very careful reading. 

2. Preliminaries 

Let L"^ be the Minkowski 4-space with the inner product ( , ) of signature 
(—,+,+,+). The hyperbolic 3-space is considered as the upper-half compo- 
nent of the two-sheeted hyperboloid in L'^ with metric induced by ( , ) . Identifying 
L'^ with the set of 2 x 2-hermitian matrices IIcrm(2), we have 

L ^ia:o,x,,X2,x,)^^^^_^^^ _ ^ J G Herm(2), 

~ {x ~ (xq, xi, X2, xa) e L'^ ; {x, x) = —1, xq > 0} 
^{X e Herm(2) ; dot AT = 1, trace A > 0} 
= {aa* ; a £ SL(2, C)} = SL(2, C)/ SU(2), 

where a* = *a. The Lie group SL(2, C) acts isometrically on via 

(2.1) Xi — >aXa* (a G SL(2, C), X G i/^ C Hcrm(2)) . 
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In fact, the identity component of the isometry group of can be identified with 
PSL(2,C) = SL(2,C)/{±id}. 

Let be an oriented 2-nianifold, and let 

/: — = SL(2,C)/SU(2) 

be a front with Legendrian lift (see |KUY2j 'l 

Lf. A/2 — , r*i73 ^ SL(2,C)/U(1). 

Identifying T^H^ with TiH^, we can write Lf ~ {f,v), where v{p) is a unit vector 
in Tff^p-jH^ such that {df{p), v{p)) = for each p e Af^. We call v a unit normal 
vector field of the front /. 

Suppose that / is flat, then there is a (unique) complex structure on Af^, called 
the canonical complex structure, that is (conformally) compatible with the second 
fundamental form wherever it is definite, and a holomorphic Legendrian immersion 

(2.2) Sf-M'^ — * SL(2, C) 

such that / and Lf are projections of £/, where tt: Af^ Af^ is the universal cover 
of Af2. Here, holomorphic Legendrian map means that Sj^dSf is off-diagonal (see 

1, Enn], unsij). The map / and its unit normal vector field v are 



(2.3) f = £f£}, '^ = £fes£f, 63 = (j _J 
If we set 

(2.4) £7^d£f='^ 



the first and second fundamental forms ds^ and dh'^ are given by 

ds^ = + =Q + Q + (|c^|2 + |0|2), Q = Lue, 
dh^ =\e\^-\u;\^ 

for holomorphic 1-forms oj and 9 defined on Af^, with |Li;| and \6\ defined on Af^ 
itself. We call lu and 9 the canonical forms of the front / (or the Legendrian 
immersion £f). The holomorphic 2-diffcrential Q appearing in the (2, 0)-part of ds^ 
is defined on Af^, and is called the Hopf differential of /. By definition, the umbilic 
points of / equal the zeros of Q. Defining a meromorphic function on Af^ by 

(2.6) P^O/lo, 

then \p\ : M"^ ^ R+U {0, 00} {R+ = {r e R; r > 0}) is defined, and p S M'^ is a 
singular point of / if and only if \p{p)\ = 1. 

We note that the (1, l)-part of the first fundamental form 

(2.7) dsl, = \u;\' + \9\' 

is positive definite on Af 2, and 2c?s^ ^ coincides with the Sasakian metric's pull-back 
on the unit cotangent bundle T^H^ by the Legendrian lift Lf oi f (which is the 
sum of the first and third fundamental forms in this case, see Section 2 of |KUY2| 
for details). The two hyperbolic Gauss maps are 

G=^, G. = |, where £f ^ ^ 



Geometrically, G and G, represent the intersection points in the ideal boundary 
dH^ ~ CU {00} of for the two oppositely-oriented normal geodesies emanating 
from /. The transformation £f i-> a£f by a = (ay)j;j=i^2 € SL(2,C) induces the 
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rigid motion / i-^ a fa* as in (|2.1() . and G and G* then change by the Mobius 
transformation: 

(2.8) Gi-^a*G= — , G*i-^a*G* = — . 

a2iG + a22 a2iG*+a22 

Remark 2.1 (The interchangcabihty of to and 6). The canonical forms {lo^O) have 
the U(l)-ambiguity (w, 0) i-^ (e^^'w, e~^'^9) [s g i?) which corresponds to 

(2.9) ^/ ^/ ( e-W^ 
For a second ambiguity, defining the dual £^ of £y by 

then £j is also Legendrian with / = fy-fj • The hyperbolic Gauss maps G^, G\ 
and canonical forms uj^, 6^ of £j satisfy 

G^=G*, G^ = G, Lj^=6' and = tj. 

Namely, the operation \\ interchanges the roles of lo and and also of G and G* . 

The following fact holds (see |KUY2j for fronts and |GMM| for the regular case): 

Fact 2.2. Letuj, 9 he holomorphic l-forms on a simply- connected Riemann surface 
A/^ with |cijp + |0p positive definite. Solving the ordinary differential equation 

^-..^.(° ^(..).(j ; 

gives a holomorphic Legendrian immersion of into SL(2,C), where zq G A/^ is 
a base point, and its projection into is a flat front with canonical forms {uj, 0). 

Remark 2.3. If jc^p + 16*^ vanishes at a point p € Af^, then p is called a branch 
point of /. At such a branch point, / is not a front, but the unit normal vector 
field still extends smoothly across p, so / can be considered as a frontal map. 

Remark 2.4. Considering H"^ as the hyperboloid in L'^, the parallel front ft of / is 
as in ifTTI) . As pointed out in |GMM| and jKUY2| . 

(2-10) ^/*-^/(o 
Then the canonical forms tot, Ot and the function pt ~ Ot/^t of /t are written as 
(2.11) ujt = e^uj, Ot = e^^e and pt = e^^^p. 

Fact 2.5 f jKUYlj ). For an arbitrary pair {G,u}) of a non-constant meromorphic 
function G and a non-zero meromorphic 1-form lo on , the meromorphic map 

is a meromorphic Legendrian curve in PSL(2, C) whose hyperbolic Gauss map and 
canonical form are G andu, respectively. Conversely, if £ is a meromorphic Legen- 
drian curve in PSL(2, C) defined on A/^ with non-constant hyperbolic Gauss map 
G and non-zero canonical form lo, then £ is as in H2.12|l . 

Remark 2.6. The £ in H2.12|l has a sign ambiguity, due to the square root of 
one meromorphic function. So £ is not defined in SL(2,C), but rather only in 
PSL(2,C). 
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Fact 2.7 f |KUYlj ). Let G and G* be non- constant meromorphic functions on a 
Riemann surface such that G{p) ^ Gh.(p) for all p G M^. Assume that 

dG 



G — 



e iR 



for every loop 7 on M^. Set 

dG 

zo G* — G, 



(2.13) C(2) = c-exp 

where zq G is a base point and c G C \ {0} is an arbitrary constant. Then 

.^^4^ F-f^/^ ^GJ{G-G.) 

^ ' V/^ e/(G-G,) 

is a non-constant meromorphic Legendrian curve defined on in PSL(2, C) whose 
hyperbolic Gauss maps are G and G*, and the projection f = ££* is single-valued 
on . Moreover, f is a front if and only if G and G* have no common branch 
points. Conversely, any non-totally-umbilic flat front can be constructed this way. 

Remark 2.8. In |KUY2I Theorem 2.11], we assumed that aU poles of dG/{G - G») 
are of order 1. This condition is satisfied automatically since G{p) 7^ G^,{p) for all 
p G M^. 

If we write the constant c in (|2.13|) as c = e-(*+'s)/2 g ^ g corresponds 
to the U(l)-ambiguity l|2.9|) and t corresponds to the parallel family (|2.10|) . The 
canonical forms uj, 9 and Hopf differential Q of / in Fact 12.71 are written as 

(2.15) .^-l.G, O^j^^^dG., 

Let z be a local complex coordinate on and write cu = uj dz and 6 = 9dz. 
Then we have the following identities (see |KUY2| ) : 

^ ^=G^~ G^' 'gT^' 

(2.17) s(cj) = 20 + 5(G), s(0) = 2g + 5(G*), 

where ' = dj dz, and S{G) is the Schwarzian derivative of G with respect to z as in 



and s(ti;) is the Schwarzian derivative of the integral of uj, that is, 
(2.19) s{uj) = S{^) ^{[^ - U^VI f^(^) = 




2 V tl' 



ijj 



Note that although the Schwarzian derivative depends on the choice of local coor- 
dinates, the difference S[G) — S(G^) does not. If G expands as G(z) = a + b(z — 
p)™ + o((2 — p)™), b 0, m E where o((z — p)™) denotes higher order terms, 
then 

(2.20) SiG)^j-l-^(l^ + oil)^dz^. 

Similarly, if a meromorphic 1-form lo ^ cu dz has an expansion 

(2.21) ij{z)^c{z-p)''{l + o{l)) {c^O,fieR), 
then we have 
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Conversely, if lo satisfies (|2.22|) , it expands as in H2.2f |l . For later use, we define the 
order of a metric defined on a punctured disc. 

Definition 2.9 ([Tj). A conformal metric da^ on the punctured disc D* = {z G 
C;0<|2:|<l}isof finite order if there exist a c > and ^ £ R so that da^ is 
locally expressed as 

da^ ^c\z\^''{l + o{l)) . 
We define the order ordo da^ of da^ at the origin to be fi. 

Finally, we give the following proposition on our definition of flat fronts: 

Proposition 2.10. Let f : be a front such that the regular set is open 

and dense in M"^ . Then the following two conditions are equivalent. 

(1) For each point p G , there exists a real number to such that p is a regular 
point of the parallel surface ftg and the Gaussian curvature of ftg vanishes. 

(2) The Gaussian curvature vanishes on the regular set of f . 

The first condition is in fact the definition of flat fronts. 



Proof. If / satisfies (1) then ft is also a flat front for each t E R. (See |KUY2| .') 



Thus (f) implies (2) obviously. Next, we suppose / satisfies (2) It suffices to 
discuss under the assumption that p is a singular point of /. Note that / has a 
smooth unit normal vector field like as in the case of an immersion. Now we 
shall show that the parallel front ft is an immersion at p for sufficiently small t. 
First, we consider the case that df vanishes at p. Since / is a front, v : U —f L'^ 
is an immersion and so ft gives an immersion at p for all t ^ 0. Next we consider 
the case that the kernel of df at p is one dimensional, and take a non-vanishing 
vector 77 G TpM'^ such that df{ri) = 0. Then we can take a local coordinate system 
([/; u, v) centered at p such that d/du = r/. Since /„ := df{d/du) ~ 0, we have 

(2.23) = (/„, M„) = - (/„„, J.) = (/„, uu) , 

where ( , ) is the canonical Lorentzian metric on i^. Since / is a front and fu = 0, 
we have /d 7^ and ^ 0. Then l|2.23(l implies that /„ and are linearly inde- 
pendent. Then by (|I.1|I . ft is an immersion at p for sufficiently small t. (Moreover, 
ft is an immersion for t G R except for only one value. See Remark 12.111 below . ) 

Let Kt be the Gaussian curvature of ft {t ^ 0) near p. Suppose that Ktg (p) ^ 
for a sufficiently small to. Then any point q near p satisfies Kt^ (9) ^ 0. On the other 
hand, since the regular set of / is dense in M^, there exists a point q sufficiently 
near p such that the Gaussian curvature of / vanishes around q. Then Kt vanishes 
as long as g is a regular point of /(, and we have Ktg{q) = 0, a contradiction. Thus 
we have Ktg{p) = 0, which implies (1) □ 



Remark 2.11. Let / : be a front and p G a regular point. Let Xj 

(j = 1,2) be the principal curvatures of / at p. Then, the parallel front ft has a 
singularity at p if and only if Ai = cotht or A2 ~ cothi. Suppose now that / is flat 
and p is a non-umbilical point. Since A1A2 = 1, we may assume that Ai < 1 < A2. 
Then p is a singular point of ft only when A2 = cothi, and such a t is uniquely 
determined. 



3. Completeness and weak completeness 

Let /: be a flat front. We say that / is complete if there exists a 

symmetric 2-tensor field T with compact support so that the sum T + ds"^ is a 
complete Riemannian metric on A'P (cf. |KUYlj '). (Because this metric is required 
to be Riemannian, if the singular set accumulates at some end of /, then, by 
definition, / is not complete.) We say that / is weakly complete if the (1, l)-part 
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dsf I = |a;p + |6'p in 12.7|l of the induced metric is complete and Riemannian on M^. 
Since ds^ i is proportional to the puUback of the Sasakian metric, this definition of 
weak completeness is analogous to the notion of completeness in Melko and Sterling 
|MS| for constant negative curvature surfaces in R^. 

We say that a flat front / is of finite type if ds^ i has finite total curvature. A 
2-manifold Af ^ is said to have finite topology if there exist a compact 2-manifold 

2 2 

Af and finitely many points pi , . . . , p„ G Af such that A/^ is homeomorphic to 
M \ {pi, . . . ,Pn}- A small neighborhood Uj of a puncture point pj, or even just 
the puncture point pj itself, is called an end of /. An end pj is complete, resp. 
weakly complete, if ds^, resp. dsf i, is complete at pj. 

Proposition 3.1. A complete flat front is weakly complete and of finite type. 

Proof. Let /: Af^ be a complete flat front, then / is weakly complete by 

|KUY2[ Corollary 3.4]. We now show that ds\ ^ for / has finite total curvature: By 

|KUY2[ Lemma 3.3], AP is biholomorphic to \ {pi, . . . ,p„} for some compact 
Riemann surface A/^. By completeness, there exist neighborhoods Uj of each pj so 
that Uj \ {pj} contains no singularities. Hence |(tMMI Lemma 2] implies 

(3.1) cj^z^wo, 9 = z''eo {fi,iy£R), 

where z is a local coordinate with z{pj) = 0, and loq, 9q are single- valued holomor- 
phic 1-forms on Uj which are nonzero at pj. Thus, the order of ds^ ^ at pj is finite 
(see Definition 12.9(1 . Recalling the formula (cf. |F]. [S]) 

(3.2) — j^^{-K^,. ;)dA - -x(m') + Jj^rdj,^ dsl„ 

where K^^2 and dA denote the Gaussian curvature and area element of (Af ^, dsi i)^ 

2 2 

and xi^ ) the Eulcr number of M , we see that ds^ i has finite total curvature. □ 

Proposition 3.2. When f: AP is a weakly complete flat front of finite type, 

(1) Af^ is biholomorphic to M \ {pi, . . . ,p„}, for some compact Riemann sur- 
face Af ^ and finitely many points pi, . . . ,pn G A/^ , 

(2) dsi I has finite order at each pj , and the canonical 1-forms lu, 6 are of finite 
order, and 

(3) Q is a meromorphic differential on M . 



Proof. (1) By Huber's theorem, A/^ is diffcomorphic to M \ {pi, . . . ,pn\ since 
ds\ I is complete with finite total curvature. In fact, they can be biholomorphic, as 
the Gaussian curvature of ds^ i satisfies K^^-i ^ < f H3.5|l below implies Kdsf ^ !i 0)- 



(2) We shall show that each of \lu\ , \9\ has finite order at pj. Take a local 



coordinate z such that z{pj) = 0. Since \uj\, \9\ are both single-valued on M , there 
exist real numbers ii,v ^ [0, 1) such that lu or ~ e^'^'^o; and 9 or ^ e^^'^'^9 for the 
deck transformation r associated to a loop wrapped once about pj. Thus 

(3.3) UJ = z^t^o and 9 = z''9q, 

where u)o,9o are single- valued holomorphic 1-forms on a punctured neighborhood 
D*[e) = {0 < \z\ < e}. The function p in l|2.6() can be written as 

(3.4) p=^ = ,f^-^^=,f^-p^^ 

LO UJQ 

where po = 9q/ujq is a single- valued holomorphic function on D*{e). 
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First, we show that po has at most a pole at z = 0, that is, not an essential 
singularity. Consider a constant mean curvature 1 surface 

/i : D^) 

of the universal cover D*{e) into with Weierstrass data {gi,LUi) = {p,u;'^ dz), 
where lu = ui dz (see jUYp . Since the induced metric dsl by /i and ds^ i arc 

dsl = h^ldzl"^, dsl^^hldzl"^, + 

dsi I is positive definite, so /i is an immersion. Also, 
(3.5) Kds-idAa,2 ^2Ka,2^dAa,i^, 

holds, where K^^j (rcsp. K^^j ^) and dAj^^j (rcsp. dA^j^gi ^) arc the Gaussian cur- 
vature and area element with respect to the metric dsf (resp. dsl i)- The induced 
metric ds^ is well-defined on D*{e), because and \6\ are single-valued. Since / 
is of finite type, the total curvature 

Kds^^dAa^2 

is finite. Then |Brl Proposition 4] implies po in (|3.4|l has at most a pole at z = 0. 
So if luq in (|3.3() has at most a pole at z = 0, the same is true of and (2) will be 
proven. Taking the dual as in Remark 12. II if need be, we may assume |p(0)| < oo. 
In a sufficiently small neighborhood of z = 0, we have 

dsli = (1 + |p|')|c^|' < h\u;\^ = h\zf^\u;of < ^2^1' 

for some constants ki,k2 > 0, since p. e [0, 1). Completeness of ds^ ^ implies A:2|woP 
is also complete at z = 0. Hence, luq has at most a pole at z = (jOl Lemma 9.6]). 



(3) Since Q = uj9, assertion (3) is immediate from the proof of |(2)| □ 

Propositions 13.11 and 13.21 yield: 

Theorem 3.3. A flat front /: is complete if and only if 

(1) f is weakly complete and of finite type, and 

(2) the set of singularities, denoted byY,fC M"^ , is compact. 



Proof. Proposition 13.11 shows that completeness implies (1) (2) Now suppose 1(1) 

— "-^ 



(2) hold. Proposition 13.21 implies is biholomorphic to M \ {pi, . . . ,p„}, and 
that /'s canonical 1-forms lu, 9 are of finite order. Since \uj\ and \9\ are well-defined, 
u> and 9 are in the form (|3.1|l . and at least one of |a;p, |0p is complete, at any pj. 
If |p(pj)| = 1 for p = O/lo at some pj, then p would be locally holomorphic at pj 
and (2) would not hold, so |p(pj)| 7^ 1 at every pj. To prove completeness of /, we 
must show ds^ = \uj + 9\^ is complete at all pj. Without loss of generality, we may 
assume ordp^. |0p > ordp^ so jwp is complete at pj. So 

= \uj + 9\^ > \\lo\ - \9\\^ = |c^p|l- 
Since |/3(pj)| ^ {l,oo}, it follows that ds^ is complete at pj. □ 

Proposition 13. II and the following theorem prove the introduction's Theorem 1X1 

Theorem 3.4. Let f be a weakly complete flat front of finite type, with n ends. 
Then the parallel fronts ft of f are complete except for at most n values oft. 
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Figure 2. A peach front f Example 13. 7() on the left, and a genus 1 
complete front with 5 embedded ends in the middle (Example 
with its caustic on the right. 



Proof. By Theorem 13. 31 we need only show compactness of the set of singularities 
S(t) of ft away from at most n values of t. Since / is weakly complete and of finite 

2 2 

type, we can set A'P = M \ {pi, . . . ,p„} for some compact Ricmann surface M , 
and w, 6 are both of finite order at each pj, by Proposition 13. 21 Then the function 



M 



R+ U {0,oo} 



is well-defined and continuous. The closure of the singular set S](t) in M is 



m = {P^M ; \p{p)\=e''}. 



Thus Tt(t) is compact when {pi, . . . ,p„} n S(i) is empty. Let {pji, . . . ,Pj^} be 
the subset of ends such that |p(pjfc)| ^ 0,oo. Taking the unique tj^ G i? so that 
Pj^. € Yl{tji,) for each fc, i.e. |p(j5j, )| = exp(2ijj,), S(t) is compact for any t G 



Definition 3.5. Let f:M \ {pi, . . . ,Pn} —^ be a weakly complete flat front, 

and (U,z) a complex coordinate of M with z{pj) = 0. Suppose that all ends are 
regular, i.e. G and G* have at most poles at pi, . . . ,p„, and that both G and G* 
are non-constant. By a suitable motion in H^, we may assume G and G» have no 
poles at Pj. Then we have, with m, G Z^, 

(3.6) G{z) = a + bz"" + o{z"') and G^z) = a, + b^z"' + o(z""*), 

where a, a* G C, 5, 6* G C \ {0} and o(z'") and o(z™*) are higher order terms. We 
set 

to be the ramification numbers of G and G* at pj, respectively. Moreover, we define 
the multiplicity of / at the end pj to be 

TT^ifiPj) = niin{TO,TO*} (= iiiin{rp^(G),rp^(G*)}) . 

If / is complete at an end p, m{f,p) ~ 1 if and only if the end p is properly 
embedded )KUY2j . Roughly speaking, the multiplicity of a complete end is the 
winding number of a slice of the end (see jKRUY| ) . We have the following: 

Proposition 3.6. Let f : M \ {pi, . . . ,p„} — > be a weakly complete flat front 
whose ends are all regular. If Q has at most a simple pole at an endpj, then |a;|^ 
and \9\'^ have finite orders at pj and the following identity holds: 

(3.7) m{f,pj) = mill {|l + ordp^. |t^|2|,|l + ordp^ lefl} . 
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Proof. Using a complex coordinate z with z{pj) = 0, assume G and G* expand as 
in 1)3. 6|1 . As Q has at most a simple pole at pj, H2.17|l and (|2.2Q(I give 

So, by Section[3 \uj\'^ and |0p are of finite order (and well defined) at pj. Thus uj 
and 9 are of the form in (|3.1() , and 

/X = ordpj. = ±m — 1, /.j* = ordp^ \9\'^ = ±m* — 1. 

Hence m{f,pj) = min{TO,?7i*} = min{|/i + 1|, + 1|} satisfies ()r{.7|l . □ 

Next, we give a weakly complete example that is neither complete nor of finite 
type. 

Example 3.7 (The peach front in |KUY2| '). Let & G C be a non- vanishing complex 
number. We define rational functions on C U {oo} by 

G ~ z, G^ = z ~ b. 

By Fact 12.71 we get a holomorphic Legendrian curve 



£ = 



c b 

c b 



with 

u; = -^e-'^/'dz, 0=^e^^/bdz, dsf , = \co\^ + \9\^ > ^\dz\' , 

which implies that / = ££* is a weakly complete flat front in H^, called a peach 
front. As the singular set of / given by 16*1 = accumulates at z = oo for all c, / 
and its parallel fronts are all not complete. By Theorem 13. 41 / is not of finite type. 
As we will see in Section O the peach fronts are characterized by the property that 
their caustics are horospheres. Figure [3 shows the peach front for 6 = c = 1. 



4. Examples 

Let A'P be a Riemann surface and da^ a flat metric compatible to the confor- 
mal structure of (we call da^ a "flat conformal metric"). Then there exists a 
developing map (as a holomorphic map) 

ip:M^ — >E? =C 

such that dcr^ is the pull-back of the canonical metric of , where tt : — 

is the universal cover of . The differential dip is a holomorphic 1-form on M^, 

and 

(4.1) da^ = 

Such a 1-form dip is determined up to multiplication by a unit complex number. 
We call dtp the associated 1-form of the metric da^ . 

For example, a flat front / : without umbilics gives two flat conformal 

metrics jtjp and |0p globally defined on M^, with associated 1-forms uj and 9. (At 
an umbilic point q of /, one of w and 9 will vanish, sec (|2.5|l . So one of the metrics 
\uj\^ or 16*1^ will degenerate at q.) 

To construct examples, we introduce the following result. 
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Theorem 4.1. Let he a Riemann surface and \uj\'^ be a flat conformal metric 
on M'^ with associated 1-form uj. Let G he a meromorphic function on M"^ . Suppose 
that da^ ~ \uj\'^ + \0\'^ is a smooth and positive definite metric on M^, where 

(4.2) e^^, Q^si.)-SiG)_ 

u 2 

Then the map f ~ EE* : given hy H2.12|l gives a flat front with canonical 

forms to and 0, Hopf differential Q, and G as one of its hyperbolic Gauss maps. 

Theorem 14. II follows directly from Fact 12.51 and (|2.17() . Moreover, we have: 

Proposition 4.2. In the situation of Theorem \4-.l\ suppose also that is biholo- 

2 2 

morphic to M \ {pi, . . . ,Pn}, for some compact Riemann surface M . Then each 
end pj of f is weakly complete if pj is a pole of Q of order 2. 

Proof, li Q ^ ujd has a pole of order 2 at pj, we have 

ordp^. +ordp^ \e\^ = -2. 

Thus minjordpj |wp,ordp^. 1611^} < —1 and dsf i is complete. □ 

Here we construct higher genus flat fronts with regular ends, for which the ends 
might not be embedded. We begin with the following result, due to Troyanov: 

Fact 4.3. Let A/^ be a compact Riemann surface with pi, . . . ,Pn € , and let 
fii, . . . , fin be real numbers which satisfy 

n 

x(M') + ^Ai, =0. 

2 

Then there exists a flat conformal (positive definite) metric da"^ on A/^ = M \ 
{pi, . . . ,Pn\ such that ordp- da^ = fij for each j — 1, . . . ,n. Such a metric is 
unique up to homothety. 

This fact is proved in [Tj for /ij > —1, but the same argument works for any real 
numbers fij. For the metric da^ in Fact \A.'M the formal sum fiipi + ■ ■ ■ + UnPn is 
called the singular divisor of da^ . With it, we can prove the following: 

Theorem 4.4. Given any compact Riemann surface and meromorphic function 
G on M with branch points pi, . . . ,Pn, there exists a complete flat front f : M \ 
{pi, . . . ,pn\ ^ with all ends pj regular and with hyperbolic Gauss map G. 

Proof. By a suitable motion in H^, we may assume G has no poles at pi, . . . ,p„. 
Let iTLj be the ramification number of G at pj (see Definition 13. 5|l . We can choose 
an n-tuple of real numbers /ii, . . . , /i„ such that /ij ^ — 1 (i = 1, • ■ • , and 

n 

j=i 

____ 2 

By Fact 14.31 there exists a flat conformal metric da^ on Af^ ~ M \ {pi, . . . ,pn} 
with singular divisor /iipi + • • ■ + finPn- Then we can write da^ — jwp where to is 
a holomorphic 1-form on M'^, see (|4.1|l . By Theorem 14.11 we can construct a flat 
front /: Af^ from the data (G, w). Moreover, since |a;| is well-defined on Af^, 

any given deck transformation of Af^ changes lo to e^^Lo for some (3 G R. Hence / 
is single- valued on Af^ by H2.12|l . that is, /: A'P H^. Since fij ^ ±mj — 1, Q 
has a pole of order 2 at each pj , by (|2.17|) . Then by Proposition 14.21 / is weakly 
complete at pj. Then, since ordp^ jwp and ordp^ Q are finite, ordp^ \9\'^ is as well, so 
/ is of finite type. Then by Theorem 13.41 there exist infinitely many complete flat 
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fronts in the parallel family of /, all with hyperbolic Gauss map G. Since G has no 
essential singularity, each pj is a regular end (see Proposition 15.61 below^ . □ 

Remark 4.5. Let be a genus k hyperelliptic Riemann surface with associ- 
ated meromorphic function G: M — + C U {oo} of degree 2 having branch points 
Pi, . . . ,Pn {n = 2k + 2). Take a suitable integer m and reals i^i , . . . , i>„i < — 1 so 
that 

m 

x(m') + n + Y, ^0 = 0- 

Choosing points gi, . . . , (/m G Af \ {pi, . . . ,p„}, there exists a flat conformal metric 
dcr^ = |wp whose divisor is 

m n 
j=l 1=1 

Then the flat front constructed from (G, oj) is well-defined on 
M2 = m'^ \ {pi, ...,pn,qi,..., q,n}. 

Moreover, each qj is a regular end (see Proposition 15.6(1 . and since G does not 
branch at qj, it is a properly embedded end (Proposition 3.12 of |KUY2j ). Then, 
since ordp, |cjp = 1 and pi is a branch point of G with multiplicity 1, H2.2()|l . 
()2.22(l and H2.17|l yield that Q has at most a simple pole at pi. So we expect that 
generically Q has a simple pole at each pi. Hence ordp, 16*^ — —2 and Proposition 
13.61 gives m{f,pi) — 1, implying that pi is an embedded end. Thus we can expect 
the existence of many higher genus flat fronts with embedded ends. If m = 1, 
such an / might have genus k with 2k + 3 embedded ends (one end from qi and 
2k + 2 ends from the pi). In fact, when fc = 1 such an example is given explicitly 
in |KUY2| . So the next natural question is: 

Problem. Is there a complete flat front in of genus fc > 1 with 2fc + 2 embedded 
ends? 

Even when fc = 1 , no such examples are known; the problem was raised in IETT721 
Remark 3.17] for fc = 1. The following examples are related to this problem. 

Example 4.6. We construct flat fronts of genus fc > 1 with 4fc -I- 1 embedded ends, 
which are canonical generalizations of the 5-ended genus 1 fronts in |KUY2j . Choose 
a polynomial (p{z) so that 

(a) (p{z) = z^^ + aiz^~^ -I- • • • -I- ak-iz + Ofe, where ai 7^ 0, 7^ 0, and 

(b) f{z) has only simple roots, and 

(c) {zif{z))' = ^{z) + z(p'{z) also has only simple roots. 

Consider the genus k hyperelliptic Riemann surface defined by w'^ = zip{z). Set 

(4.3) G = w, = -, where h = h(z) = — - — (2kzip{z) - z^tp' (z)) . 

w 2fc H- 1 ^ ' 

Then we have 

dG _ GdG _ ip{z) + zip' (z) _{2k + l)dz 
^"^■^^ G-G* " G2 - G*G ~ 2{zip{z) - h{z)) ~ Yz ' 

Clearly G is of degree 2fc-|- 1. Since h/w has only simple poles and only at the zeros 
of (f{z), G* has degree 2fc. Thus degG degG* = 4fc + 1. By (jHH), 
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has only purely imaginary monodromy. Moreover, 1)4. 3|l implies 

(4.6) + 

So applying Fact 12.71 we get a flat front 

f:M^^M\ {(z,u.) ; z{ip{z) + zip'{z)) - 0} ^ 

By (|4.6|l . / has exactly 4fc + l ends, since the ends are the zeros of z(</j(z) + z(p'(z)). 
Note that z = oo is not an end, since G(oo) = oo and G*(oo) = 0. By H4.5|l and 
(|2.15|) . one canonical 1-form is a; = — z~(^'^+^^(iG, and / could have been made 
using Fact 12.51 as well, with this oj. As 

h'w — hw' h'vo^ — hivw' h' ZLp ~ hlzLp)' 12 
aG* = 5 dz = dz = dz, 

we have by (|4.6(l . H4.4() and H2.15|l that 

^_ 2k +1 zh'ip- h{zipy/2^_^^ _ (2A; + 1)2 h' tp - {h/ z){zLp)' /2 
2z uPiw'^ — h) 2 zw"^ (if + Zip') 

Here, dz/w has no poles and zeros at the zeros of w. Since ^ 0, the origin z — 
is a pole of order 2 of Q, and thus it is a weakly complete end, by Proposition 14.21 
On the other hand, Q has simple poles at the other ends. However, oj has zeros 
at the ends other than z = 0, by (|4.4|l . Hence the orders of |6'p are less than —1 

2 

at such ends, and then they are weakly complete. Any branch point of G in M 
must be a zero of (zip)' , and thus must be an end of /, so G has no branch points 
on \ {z = oo}. Moreover aiUk 7^ implies that G* does not branch at z = cx) 
and z = 0. Thus / has no branch points anywhere on Af^, by Theorem 2.9 of 
|KUY2j . Since / is weakly complete and of finite type, there exist infinitely many 
complete fronts in the parallel family of /, by Theorem 13.41 By equality of the 
Osserman-type inequality f jKUY2l Theorem 3.13]), all the ends of / are properly 
embedded. 

Finally, we shall show that ip{z) = z^*^ — 2cz'^~^ — 1 satisfies the above conditions 

(b) , (c) for a suitable c £ R. When k = 1 and c = 0, / is just the example in 
|KUY2I Example 4.6]. When /c > 2, we set c = k/{k - 1). Then 

,p'{z)^2kz''~^{z''+^ -1). 

Let p 7^ be a zero of (p'{z), so p'^^^ = 1 and p^(p{p) = 1 — — 2k/{k — 1). If 
ip{p) = 0, then = (1 + A:)/(l — k) and |p| 7^ 1. So ip{z) has no double roots. Now 

(zip)" = 2kz^-^{{2k + l)z'^-+i - k). 

Let q ^ he & zero of {zip)" . Then we have q'"^^ = k/{2k + 1). Hence |gp = 
{k/{2k + x))^/^'^"'"^-' is not a rational number. On the other hand, 

,Wu, = (« + l)(5A_)^Jil._A__,, 

If {ztp>y\^^^q = 0, we have q^ = fc^(l + k)/{{2k + 1)(1 - k)) e Q, a. contradiction. 
Thus both p and {zip)' have only simple roots, and 'p{z) satisfies conditions (b), 

(c) . 

5. P-FRONTS 

Now we consider fiat p-fronts, starting with a proof of Theorem IbI 
Theorem B. Let /: he a flat p-front, then Af^ is orientable. 
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Figure 3. A genus 2 flat front with 10 embedded ends, coming 
from a variant of the approach in Example 14. 61 It is defined on 
the closed Riemann surface M = {{z,w) G (C U {oo})^ ; = 
z{z'^ — — 9/4)} with 10 points removed, and with data G = 
w and G* = {^w — 2z{dw/dz))/^. Because G and G* have no 
common branch points, the surface is a front with embedded ends. 

2 

The portion shown here is the image of one sheet in M over the 
quadrant {z E CU{oo} ; Rez > 0,lmz > 0} in the z-plane, and is 
one-eighth of the full surface. The planar boundary curves of this 
portion lie in planes of reflective symmetry of the full surface. The 
four ends appearing in the boundary of this portion are marked 
with black dots. 

As noted in the introduction, the other space forms and admit flat Mobius 
bands (see Galvez and Mira |G!Mlj \ So Theorem IbI is special to H^. Kitagawa 
jKi| proved the orientability of compact flat surfaces in S^. 

Proof of Theorem^^ As / is a p-front, for any p G il/^ there exists a neighborhood 
Up C Af^ of p such that f\up is a front. We may assume that Up is simply connected. 
Then as noted in Section|21 there exists a unique complex structure on Up such that 
both hyperbolic Gauss maps G and G* are meromorphic. 

Since f\u is a front, at least one of G or G, is not branched at p, by Theorem 
2.9 of \K[]Y2\ . Without loss of generality, we may assume G and G* are finite at 
p. Choosing Up sufficiently small, we have a local complex coordinate z = G\up or 
z — G^,\up on Up at each point p G A/^. Since G o G^^ and G* o G^^ are identity 
maps and either G o G~^ or G* o G~^ is well-defined and holomorphic on Up for 
each p € , the transition function on Up f] Uq for two distinct points p and q is 
always holomorphic. So we can extend this local complex structure on Up to all of 

When we consider a flat p-front, we always regard as a Riemann surface with 
the complex structure given in the proof of Theorem^ Note that co-orientability 
is defined in the introduction. 

Theorem 5.1. Let f : M"^ be a non-co-orientable flat p-front with universal 

cover TT : A/^ A/^ . Then there exists a Legendrian immersion 

Ef.M^ — * SL(2, C) 

and a covering transformation r: A/^ A/^ such that 
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Figure 4. The p- front in Example 13.71 that is not globaUy a 
caustic on the left, and the caustic with dihedral cross sym- 
metry for the fronts produced by G = and G* = and 
M'^ = C\{z\ = \\ OVL the right. 



We call this Ej the adjusted lift of the p-front /. Conversely, if a lift £f satisfies 
£f o T = S'j: for some covering transformation t, f ^ ^f^f ^ S^f{S^f)* is non-co- 
orientable. 

Proof of Theorem \5.1[ Take a holomorphic Legendrian lift £q : AP SL(2, C) of 
/; it is determined up to right-multiplication by a matrix in SU(2). We now change 
£o to an adjusted lift. The flat front / = fp'^o • ^ satisfies f o n = f. 
The unit normal vector of / is i/ = SqCs^q, by (|2.3|l . If pi,P2 S 7r^^(p), then 
C'{pi) = ±i>{p2)- So there exists a (unique) representation S: tti{AP) {±1} such 
that 

i>oT = S{T)i) (re7ri(M2)), 
where the fundamental group 7ri(A/^) is identified with the covering transformation 
group. Since / is non-co-oricntable, S is surjective. Letting AP — Af^/KerJ with 
associated nontrivial covering involution a on Af^, v ~ EqC^Sq is single- valued on 
M^, so / = £q£q : AP is a flat front because its unit normal vector v is well- 

defined, and V o a = —v. Since A/P is universal, there exists a lift r : A/^ AP of 
CT. As T is holomorphic and ^q^o = (^o ° ''')(^o ° there exists an SU(2)-matrix 

R-{^q l) (bP + l# = i) 

such that £q o T = £o^- Since i> o cr = — 1>, we have Ef^e^E^ = —£oRe3R*£Q, so 
Re^R* = —63, implying p = 0. Thus 



£f = SqU, where a 



satisfies / = SfSf and £y o r = f □ 

Corollary 5.2. Let f : AP —f be a non-co-orientable flat p-front. Then there is 
a double cover fr : AP — > such that f = f o fr: — > is a front. Moreover, 
there exists a covering transformation t : AP — > with f o t ~ f satisfying 

GoT = G*, G*or = G, uj o r ~ 9, 6 o t ~ uj and Q o t — Q, 

where G = G o tt and G*, Co, 9, Q are defined similarly. 

Thus, for a p-front, the Hopf differential Q and ds\ i = |ajp + |6'p are well-defined. 

Definition 5.3. A non-co-orientable flat p-front / is called complete (resp. weakly 
complete, finite type) if its double cover / as in Corollary 15.21 is complete (resp. 
weakly complete, finite type). 
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Proposition 5.4. Let /: A/^ he a flat p-front. The following hold: 

(1) // / is complete, then it is weakly complete and of finite type. 

(2) // / is weakly complete and of finite type, there exists a compact Riemann 

2 2 

surface M such that A/^ is biholomorphic to M \{pi, . . . for finitely 

many distinct points pi , . . . , p„ in M . Moreover, ds\ ^ has finite order at 
Pi, . . . ,Pn and Q extends to a meromorphic 2 -differential on Af^. 

Proof. |(l)| follows immediately from Proposition l3.1l To show |(2)| A'P is biholomor- 
phic to M \{pi, . . . by Huber's theorem, just as in the proof of Proposition rT^l 
We will call the points {pi , . . . , p„} the ends of / fDefinition l5.5|) . Suppose an end pj 
is co-orientable, that is, the restriction of / to a sufficiently small punctured neigh- 
borhood oipj is co-orientable (see Definition l5.8() . Then Proposition 13 . 21 implies 
6 have finite order at pj, and Q is meromorphic there. If pj is not co-orientable, we 
take a punctured neighborhood U* of pj, and let IJ* be its double cover. Lifting 
f\u* f : U* ^ H^, f is now a weakly complete co-orientable end of finite type. 
Its canonical 1-forms uj, 9 are of finite order, and dsf i = jwp -I- \9\'^ is complete 
and of finite order, and its Hopf differential Q extends meromorphically across the 
puncture of U* , by Proposition 13.21 Noting that dsf i is actually well defined on 
U* and equals dsi i there, and that Q projects to the Hopf differential of /|(7» on 
U* , the proof is completed. □ 

To observe the behavior of ends of p- fronts, we review properties of regular ends 
of fronts: 

Definition 5.5. A p-front / : A/^ H'^ is said to be of finite topology if there exists a 

2 2 

compact Riemann surface M such that AT^ is homcomorphic to A/ \ {pi, . . . ,p„}. 
Such points pi, . . . ,p„ are called the ends of /. 

An end of a weakly complete flat p-front of finite topology is said to be of 
puncture-type if it is biholomorphic to a punctured disk, and to be annular if it is 
biholomorphic to an annulus {z; ri < \z\ < r-2}, < ri < r2 < oo. 

A puncture-type end p of a weakly complete flat front is said to be regular if 
both G, G* have at most poles at p, and to be irregular otherwise. 

For a weakly complete flat p-front, a puncture-type end p is said to be regular if 
the corresponding end p of / is regular, and to be irregular otherwise. 

Proposition 5.6. For an endp of a flat front of finite type, the following conditions 
are equivalent: 

(1) The endp is regular. 

(2) One of G, G* has at most a pole at p. 

(3) The Hopf differential Q has at most a pole of order 2 at p. 

Proof. This was proven in jGMML Theorem 4] for complete ends. Reading that 
proof carefully, one sees that it applies to flat fronts of finite type as well. □ 

2 

Proposition 5.7. Let f: A/^ = A/ \ {pi, . . . ,p„} be a weakly complete flat 

front whose ends are all regular. Then f is of finite type if and only if the Hopf 
differential has at most a pole of order 2 at each end. 

Proof. One direction follows from Proposition 15. 61 so we prove the other direction 
here. Choose an end pj. By (|2.22|) . uj and 9 have finite order at pj if and only if s(a;) 
and s{9) have at most poles of order 2. Since G, G, are meromorphic at pj, S{G) 
and 5(Gh.) have at most poles of order 2. Then H2.17(l implies that ordp^ Q > —2 if 
and only if s{lu) and s{d) have at most poles of order 2. □ 
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Definition 5.8. For a weakly complete flat p-front f:M \ {pi, . . . ,pn} H^, an 
end pj is called co-orientable if the restriction of / to a sufficiently small punctured 
neighborhood of pj is co-oricntable, and is otherwise called non-co-orientable. 

A co-orientable regular end p of a flat p-front / can be considered as a regular end 
of a flat front, and we have already defined its multiplicity m(/, p) fDefinition l3.5|l . 
We also now define the multiplicity of a non-co-orientable end. Let 

f:D*ie) = {z;Q<\z\<e}^H' 

be a non-co-orientable end at p. Then there exists a lift (as a p-front) /: D*{e) 
H"^ of /, where D*{e) is the double covering of D*{e). We set 

(5.1) m(/,p)=TO(/,p)/2 

and call it the multiplicity of the end p of /. Thus we have defined the multiplicity 
of any regular end of a weakly complete p-front, taking its value in ^Z. Let 
/ : Af ^ be a weakly complete flat front with regular ends. If / is co-orientable, 

the hyperbolic Gauss maps G, G* of / are single-valued on and we set 

deg Gf ^ deg G + deg G* , 

which we call the total degree of the Gauss maps of /. When / is non-co-orientable, 
there exists a lift /: Af^ of /, where double covers Af^, and we set 

degg; = (degg/)/2. 

It follows from |KUY2I Theorem 3.13] that 

(5.2) dcgQf > 7^{non-co-orientable ends}/2 + #{co-orientable ends} 

for a weakly complete flat p-front of finite type whose ends are all regular. When 
/ is complete, equality implies all ends are properly embedded. We note that com- 
plete ends are automatically co-orientable: Suppose a complete end p of a p-front 
/: is non-co-orientable. Take the double cover M^, the hft /: IVP 

and a complex coordinate z of A-'P around the (unique) lift p of p G M with 
z{p) ~ 0. Since p is also a complete end, / is of finite type and the canonical forms 
are written as 

u;^cz^'{l + o{l))dz and 9 = c^z''' {l + o(l)) dz, 

where c, c» are non-zero constants and /i, ^* G .R. Here, by Gorollarv l5.2l we have 
|c| = |c*| and /x = /Lt*. Hence we have \p\ = \9/uj\ = 1 -|-o(l), which implies that the 
singular set of / accumulates at p, contradicting that p is a complete end. 

Example 5.9 (Weakly complete p-fronts with 3 ends). This example is of interest, 
because it is neither a front nor globally a caustic (see Remark l6.8|) . Set 

G=^^ and G. = ^—-^ (be R\{0,±1}) 

2 + 6 b-z ^ \ L : J/ 

which are defined on the Riemann surface A/^ = C \ {0,±1}. Then Fact 12.71 gives 
a flat front ft : with hyperbolic Gauss maps G and G* . We also have 

^ = c-c.pf = - i)(^-^)/^z + l)(l+'"/^ 

7 G - G* z + b 
UJ = -c-^{z^ + 2bz + l)z-\z - l)''-\z + l)-^-i dz, 

9 = -c^{z^ - 2bz + l)z-\z - iy''-\z + I)''-! dz/4. 

Now we set c ~ \/2- Then u o t ~ 9 holds, where r: AP 3 z ^ —z G A/^. Then 
Ef o T = E\ , and hence we have a well-defined flat p-front 

fy. AP = (A/V~) 
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where Z\ ~ zi if and only if Z2 = ±zi. The three ends of /& are at z = and 
z = Qo and z = ±1. The ends at z = 0, z = oo are non-co-orientable, and the end 
at z = ±1 is co-orientable. satisfies equahty in ()5.2|l . 

6. Caustics 

Roitman [B] showed that the caustic C/ (or focal surface) of a flat surface / is 
also flat, and gave a representation for C/ in terms of /. In |KR.SUY1 Section 5], 
Roitman's representation is described in the terminology below: Let / : 
be a flat front with hyperbolic Gauss maps G, G* . Let qi, . . . ,q„i E AP be the 
umbilic points of /. Then we can choose a single- valued square root 



P = ^JdG/dG^ 

defined on the universal cover Mc of = A/^ \ {qi, . . . , g„i}. The caustic Gf is 



Gf — ScSc* '■ Mc — > 



^^■'^ V2/3(G-G.) l 1 + jU 

where = e'^*/"'. Note that Ec G PSL(2,C) because of the sign ambiguity of 
yj2f3{G — G*). The SU(2)-matrix diag(-\/i, 1/v^) in Equation (|6.1|l is not essential, 
and is included only so that £c changes to £^ when (3 changes to — /?, i.e. so that £c 
becomes an adjusted lift. The hyperbolic Gauss maps Gc,Gc* and the canonical 
forms Wc, Oc of the caustic G/ are 

'G + PG, G-[3G, 



(6.2) (Gc,Gc,) 



1 + ' 1-/3 



(a'x\ 1 f 2(/3+l)^ ^^ ^dG 

(6.3) = 7 <^ -p^ — T^dG, - rflog ' 



4 [ G-G* " V^G: 



4 [ G-G* " VrfG: 

These two forms can be also expressed using Q{= ujO), p{= 6/lo) of the original 
front /, as can the Hopf differential Qc = ujc9c oi Cf: 



dlogp 



(6.5) Wc = + ^^logp, 9c = -i\/Q+^dlogp, Qc = Q . . ^ 

where the sign of ^/Q is chosen so that (|6.5|) is compatible with H6.3() and H6.4|l . 
Proposition 6.1. The caustic of a flat front is a p-front. 

Proof By Theorem 2.9 of |KUY2| . it suflices to prove that cUc and 9c have no 
common zeros. Let p be an arbitrary point on the caustic. Since p is not an umbilic 
point on the original front, i.e., Q{p) ^ 0, it follows from 1)6. 5|l that at least one of 
LUc{p),9c{p) is not zero. □ 

Example 6.2 (Caustics of rotational flat fronts). Since the horosphere is totally 
umbilic, it has no caustic. For other rotational examples: 

(1) the caustic of a hyperbolic cylinder is a hyperbolic line, 

(2) the caustic of an hourglass is also a hyperbolic line, 

(3) the caustic of a snowman is a hyperbolic cylinder, 

where hourglasses and snowmen are fronts of revolution with single conical singu- 
larities and cuspidal edge singularities, respectively (see |KUY2I Example 4.1]). In 
fact, snowmen are characterized by their caustics, as Proposition 16 .31 shows : 



20 



M. KOKUBU, W. ROSSMAN, M. UMEHARA, AND K. YAMADA 



Proposition 6.3. Let f be a flat front with caustic Cf. Then f is locally a snowman 
if and only if Cf is an open submanifold of a hyperbolic cylinder. 

Proof. As scon in Example 16. 21 a flat front of revolution has a hyperbolic cylinder 
as its caustic if and only if it has a nonempty cuspidal edge set, so we need only 
show that if Cf is a hyperbolic cylinder, then / is a surface of revolution. 

Assume Cf : A'P — > is a hyperbolic cylinder, so we may assume IvP is an 
open subset of C \ {0} and 

c2 1 
Be ^ — dz, ujc = -IT- dz, 

where c e fi \ {0} (see |KUY2I Example 4.1]). Then by ijEiSl), the Hopf difTcrential 
Q of / is 



1 2 a'^ dz^ ( c^ \ 



and the function p satisfies 

26 / 1 

dlog p = — dz, and then p = —kz^^ ( 6 = — H 

z \ 4 

where fc 7^ is a constant. Thus, we compute 9 = ^/Qp and lo = Q/9 as 

\fk 1 

9 = az^^^ dz, LO = — —az~^~^ dz. 

2 2Vfc 

Hence / is a part of a surface of revolution. □ 

One can check that the caustic of a peach front f Example I3.7|l is a horosphere 
[Rj . Peach fronts are also characterized by their caustics: 

Proposition 6.4. A flat front is locally a peach front if and only if its caustic is 
totally umbilic, i.e., is locally an open submanifold of a horosphere. In particular, 
a peach front is the only flat front whose caustic is the horosphere. 

Proof. Assume the caustic is totally umbilic, that is, Qc = 0. Taking the dual lift if 
necessary, we may assume Gc is constant, and then applying a rigid motion of 
if necessary, we may assume Gc — 0. It follows from H6.2|l that G'^/Gl = dC/dC^., 
so 1/G* — 1/G is a constant. By a suitable motion of H^, we can change G and 
to 1/G* and 1/G, and then G* = G + constant. If G branches, then G* also 
branches, so the flat surface / produced by G and G* would not be a front, by 
Theorem 2.9 of |KUY2j . Hence we may assume G = z is a coordinate for the front 
/, proving the assertion. □ 

Remark 6.5. Propositions 16.31 and 16.41 show that if the caustic Cf is complete 
without singularities (so is a cylinder or horosphere, see |GMMI Theorem 3]), then 
the original front / must be a snowman or peach front. 

Theorem 6.6. Any flat p-front is locally the caustic of some flat front. 

Proof. For /: AP a flat p-front, take any p G M^. Take a simply connected 

neighborhood U of p, so the canonical forms Wc, 9c of / are single- valued on U. Set 

Qs = -\{e"uOc-e-'^9cf (s e R). 

Then Qg is a well-defined holomorphic 2-differential on U. If Qs{p) = for all s, 
then Lij{p) = 9{p) ~ 0, a contradiction, so we can choose a real number sq so that 
Qsoip) 7^ 0- Determine uo and 9 by 

oo9 = Qs„ where p ^ p{z) ^ cxp ( f 2(e'^''we + e-^'^^c) j (^ 0). 
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These w, 6 yield a flat front F = £8* by solving H2.4|l . and the caustic of F is /, 
up to a rigid motion of . □ 

Remark 6.7. The above proof implies that for a given p- front /, there is locally a 
two parameter family of fronts Ft^s whose caustics are /. One of these parameters 
is the signed-distance t of parallel fronts and the other is the s in the proof above. 

Remark 6.8. The "locally" condition is necessary in Theorem 16.61 as there are 
flat p-fronts that are not caustics globally. In fact, the fi,: Af^ defined in 

Example 15. 91 is not a caustic over Af^ if 6 ^ ^Z: Suppose, by way of contradiction, 
that /h is a caustic of some /orig : A'/' . By H6.5|l , we have 

4v^-*(7^j I ,(,2_i) ,(.2_i) [j—^] \dz. 

It follows that Qorig is not well-defined at z = Q ii b ^ ^Z, contradicting that /orig 
is well-defined. Hence the class of p-fronts is strictly larger than the class of flat 
fronts and their caustics. 

7. Ends of Caustics 

First, we recall the properties of regular ends from [GMMj and |KRU Y| . Recall 

— 2 

that if the meromorphic 2-differential Q on M expands as 

Q = z'' {qo + qiz + o{z)} dz^ {qa ^ 0) 

in a complex coordinate z at a point p G A/^ with z{p) = 0, the integer k is called 
the order of Q at p and is denoted ordp Q. If = — 2, the number qo is independent 
of the choice of coordinate system. We call qo the top term coejficient of Q at p. 

Definition 7.1. A weakly complete regular end p of finite type is cylindrical if to 
and 9 have the same order at p, i.e., ordp |wp = ordp \0\'^. A complete regular end 
is 

(1) horospherical if ordp Q > —1, 

(2) of hourglass-type if it is non-cylindrical with ordp Q = —2 and positive top 
term coefficient of Q, 

(3) of snowman-type if it is non-cylindrical with ordp Q = —2 and negative top 
term coefficient of Q. 

The hyperbolic cylinder, horosphere, hourglass and snowman f |KUY2( Exam- 
ple 4.1]) are typical examples of such ends, respectively. 

Fact 7.2 f |G!MMI IKRUYj '). A complete end of finite type is an asymptotic cov- 
ering of a hyperbolic cylinder, horosphere, hourglass or snowman when the end is 
cylindrical, horospherical, of hourglass-type or of snowman-type, respectively. 

Let / : — > be a weakly complete flat front with a regular end p. We define 



(7.1) a{p) 



UdG/dG^){p) ii\{dGldG^){p)\<\{dG^/dG){p)\, 
\{dG^/dG){p) ii\{dG/dG^)(j))\>\{dG^ /dG) (p) I . 

This number is called the ratio of the Gauss maps at the end p. The value of a 
plays an important role in criteria for the shape of regular ends: 



Proposition 7.3. Let p be a weakly complete regular end of a flat front f . Then 
a{p) is contained in [—1, 1], and is independent of rigid motions of . Moreover, 
p is 

(1) not of finite type if and only if a{p) ~ I, 

(2) horospherical if and only if a{p) = 0, 
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regular end 



finite type infinite type 

com^^ltrt^,^ ^ incomplete incomplete 



co-orientable co-orientable 



co-orientable 



horospherical hourglass-type 



non-co-orientable non-co-orientable 



cylindrical cylindrical 



cylindrical snowman-type 

Figure 5. Classification of weakly complete regular ends. 

(3) of snowman-type if and only if a{p) > and a{p) ^ 1, 

(4) of hourglass-type if and only if a{p) < and a{p) ^ —1, 

(5) cylindrical if and only if a{jp) = —1. 

In particular, the end p is complete if a{p) ^ ±1. 

Proof. Since the proof of Lemma 3.10 of |KUY2I page 165] is still valid for incom- 
plete or non-finite-type regular ends, that is, G{p) = G<,{p) holds at any regular 
end p, H2.8|) implies {dG/dG^){p) is invariant under rigid motions of H^. 

By definition, a is invariant under the operation in Remark 12. II so exchanging 
G and G* and applying a rigid motion of if necessary, we can take a complex 
coordinate z such that z{p) = and 

(7.2) G, G = az"+'(l + o(l)), 

where m > 1 and I > are integers and a E C \ {0}. 
Then ^ in H2.13|l is given as 

and the Hopf differential is calculated by 1)2. 15(1 as 

m(m + l)az''^'^ (l -\- o(l)) , 
(7.4) ^ ^ ^dz\ 

(1 - az' + 0(2;^) 

If / > 1, then dG/dGf, = at p, that is a{p) = 0. In this case, ordp Q > — 1 
because of (|7.4() . Hence p is a horospherical end. Conversely, ordg Q > — 1 implies 
I > 1. 

Next, suppose I = and a = 1. In this case, a{p) ~ 1 and 1)7.3(1 implies that ^ 
has an essential singularity at z = 0. Then by H2.15|l . to has an essential singularity 
at 0, which implies that p is not a finite type end. Conversely, p not of finite type 
will similarly imply / = and a = 1. 

Finally, we assume I = and a 7^ 1 . By the period condition in Fact 12.71 and 
()7.3|l . we have a £ R, which implies a{p) £ R. Moreover, exchanging G and G* 
and rechoosing z if necessary, we may assume 

'^'^ a G [-1,0) U (0,1) 



(7.5) aip) 



dG, 



In this case, (17.411 implies ordo Q = — 2. Hence the end is cylindrical if and only 
if ordo I^^P — ~1- Substituting (|7.3() with I = 0, a = a{p) into the first equation of 
.151) . we have 

c^ = z"T^-i(6 + o(l))dz {b£C\{0}). 
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Hence the end is cyUndrical if and only if a{p) = — 1. Otherwise, the top term 
coefficient of Q at is obtained as qo = — a(p)m^/(l — a{p)) . So we have the 
conclusion. □ 

From here on out, we study the ends of caustics C/, which arise from the umbihc 
points and ends of /. In the former case, we call them U-ends, and in the latter 
case, we call them E-ends. We consider U-ends first: 

Theorem 7.4 (Properties of U-ends). Let /: A-P be a non-totally-umhilic 

flat front and let p he a point in M"^ . Let Cf he the caustic of f. 

(1) If p is an umbilic point of f , then p is a regular end ofCf with multiplicity 

m(C/,p) = (ordpO)/2. 

In particular, p is non-co-orientable if and only i/ordp Q is odd. Moreover, 
p is a cylindrical end of finite type, and the singular set of C f accumulates 
at p. However, the end p of C f cannot be an end of a cylinder itself. 

(2) Conversely, if p is an end of Cf, then it is an umbilic point of f . 



Proof. (1) Taking a rigid motion of H^, if necessary, we may assume G{p), Gf{p) 
are both finite. Since p G il/^ is not an end, G{p) and G^,{p) do not coincide. Thus, 

(7.6) (G-G,)(p) ^0, oo. 

Since p is an umbilic point, we have Q{p) = 0. It follows from H2.15|l and 1)7. 6|l that 
dGdG^,\p = 0. Therefore, at least one of dG\p and dG^,\p is zero. We may assume 
that dG\p = (if necessary, we take the dual S'' instead of £). Then dG^\p ^ 0, 
because Gf = (G, G*) is an immersion (Theorem 2.9 of |KUY2j ;i. 

Using another rigid motion of H^, if necessary, we can take a local coordinate z 
centered at p, i.e. z(p) = 0, such that 

(7.7) G*(z) = z. 

With this coordinate z, the hyperbolic Gauss map G expands as 

(7.8) G(z) = ao + ar^z'"" + a™+iz'"+i + • • • (ao, a™ 7^ 0), 
where m > 2. We remark that ordp Q = m — 1, and dG/dG<, is computed as 

(7.9) dC/dC^ = ma,nz'^-^h{z) {h{0) = 1), 

where h{z) is holomorphic in z. In particular, {dG/dGf,){0) = 0. It follows from 
(|H3, (EH), Enil that Gc{p) = Gc^ip) (= G(p)), so p is an end of Cf. Then 

()6.2(l . (|7.7(l . (|7.8|1 imply Gc and Gc* are meromorphic at p (on the double cover of 
a neighborhood of p), so p is a regular end oi Cf. In particular, substituting 1)7. 7|l . 
GSl), l|73 into (|n3, wc have 

Gc = ao - aoV^^z("~')/'/ii(z) + a (zf""^'/') , 

Gc, = ao + aoV^^z('"-i)/2;ii(z) + o (z'^-i'/^) , 

where hi{z) is a holomorphic function in z such that hi^ = h, with o(z'^™~^^/^) 
denoting higher order terms. The multiplicity of the end p is 

m{Cf,p) = i(7Ti - 1) = ^ ordp Q. 

It follows from that 

(7.10) 4c^c = ^^-^dz -{m-l)—-^dz^-{l-m + o{l))dz. 
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Similarly, by (EHI), ifT^ . 

(7.11) 46lc = ^(1 -m + o(l))dz. 

Hence, ordpltJcP ~ ordpj^cP = ^1- This implies that p is a weakly complete 
cylindrical end of finite type. Moreover, 

Oc m-l + o(l) 
Uc m — 1 + o(l) ' 

in particular, Pc{p) ~ 1- So the singular set {\pc\ — 1} accumulates at p. 

Finally, we show that p is not an end of a hyperbolic cylinder. Suppose, by way 
of contradiction, that p is an end of revolution, so 9^ ~ kujc for some k G C, in a 
neighborhood Up of p. Comparing the coefhcients of 1/z in (|7.10|l and (|7.1H) , k is 
necessarily +1 and 0^ ^ coc- Then 1)6. 1)6. 4|l give dG/dG^ = on Up, contradicting 

1(2)1 Suppose nowp S A'P is an end of C/, that is, Gc{p) = Gc,(p). Without loss 
of generahty, we may assume G{p) 7^ oo, G,(p) 7^ oo and G{p) ^ G^.{p). Then (|6.2(l 
gives {dG / dGir){p) = or 00, so one of dG, dG^, is zero at p, and so p is umbilic. □ 

Remark 7.5. The claim in Theorem 17.41 that p is a non-co-orientable end of C/ 
if and only if ordp Q is odd follows in this way: The end p is non-co-orientable 
if and only if the deck transformation associated to a once-wrapped loop about p 
switches ujc and with respect to a local adjusted lift, by CoroUarv 15.21 Then 
non-co-orientability is equivalent to ordp Q being odd, by 1)6. 5(1 . 

We shall next consider E-ends. To avoid confusion, we denote by {f;p) the end 
p of /, and by {Gf;p) the end p of Cj. 

Suppose that the multiplicity of the end {f]p) is m, i.e., m{f,p) = m € Zj^. 
Without loss of generality, we may assume that G'(p) = G^(j)) ~ 0, and that 
rp{G^) = TO, Tp{G) = m + k, where fc is a non-negative integer. There exists a local 
coordinate z centered at p such that 

(7.12) G,(z) = z". 

With this coordinate z, G expands, with h{0) = am+k 7^ 0, as 

(7.13) G{z) = a„,+fez"+'= + a™+fc+iz™+^-+i + • • • = z"+'=/i(z) . 

The case of "fc > 0" or "fc = with a,„ ^ 1" in (171^ . By ^J^, we have 

p_ rnz''-^hi{z) , 
^ " (z^hiz) - 1)2 ' 

where hi{z) = {m + k)h{z) + zh'[z). Since /ii(0) — (m + fc)/i(0) — (m + fc)a,„-|_fc ^ 0, 

(7.14) ordpQ = /s - 2 > -2. 
We can also compute that 

(7.15) ^ = L,kh,{z)- 

dG* TO 

The equations (f7lK|) yield 

Gc(^) = ^ ^ Ge.(z)- 



'm + z^/'^^/hi ' * ^Jrri — z^l'^\fh\ 

Therefore, rp(Gc) = rp(Gc*) = to + (A;/2). It follows from (fmj) that 
m{Cf,p) = TO + (fc/2) = (1/2) ordp + 771+ 1. 
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The equations and ifTTsIl yield 

These imply that ordp |wcP = ordp |6'cp = —1, hence (C/;p) is a cylindrical end of 
finite type. Moreover, by H7.16(l . (|7.17|) . we can prove 

if fc > 0, 

z^o uj, I ( ^ZI , : ) if fc = 0, a„ ^ 1. 



Thus, the singularities of C/ accumulate at p (i.e., lim2_,o |^c/'-^c| = 1) if and only 
if fc > or fc = with negative real number 

The case of "fc = with am = 1" in (|7.13|l . Now G is written as 

G{z) = + a/z' + aj+iz'+^ H = z" + a;z' + o(z') , 

where I > m, ai ^ 0, and o(-) denotes higher order terms in z. One easily gets 

ordp Q = 2(m - 1) - 2/ = 2(m - ^ - 1) < -4. 
In particular, ordp Q is an even number. On the other hand, 
(7.18) # = mz-^+la,z^-^ + ... ^ ^ I 



(7.19) ^=\l§-r'+^^-'-+^^^'-^- 

Then (ins, (fm^ yield 

Gc(z) = z™ (1 + 0(1)) , Ge,(z) = z™ f — ^ + o(l) 

Hence, regardless of whether / = 2m or Z 7^ 2m, it follows that min{rp(G'c), ''^(Gc*)} 
m. Therefore we have, for any I, that 

m{Cf,p) = m . 

Next, we investigate ojc, 9c around p. It follows from (|7.18|l that 
dlog(^) = (^^l-^a,z^—^,-o{z^—^)^^ dz. 
Then by and ((733, we have 

40c = 1 + 0(1)) dz, AlOc = z"^~'~' + 0(1)) dz. 



Hence 



ordp Iwcp = m — Z — 1 and ordp j^cP 



— I ~ m — \ \i I ^ 2m 

> Z — TO — 1 = m — 1 if Z = 2m 



so ordp |6'cP > 0, ordp |ti-'cP < —2. Hence {Cf;p) is a non-cylindrical end of finite 
type. 



26 



M. KOKUBU, W. ROSSMAN, M. UMEHARA, AND K. YAMADA 



Summary of the above argument. Under the situation above, 

• Assume that fc > 0, or fc = with a,„ ^ 1. Then 

(i) ordp g = fc - 2 > -2, 

(ii) to(C/,p) = i ordp Q + m + 1, 

(iii) {Cf;p) is a cyhndrical end of finite type, 

(iv) the singularities of Cf accumulate at p if and only if fc > 0, or fc = 
with a,„ < 0. 

• Assume that fc = with a„i = 1. Then 

(i) ordp Q = 2{m - / - 1) < -4, 

(ii) MCf,p) = m, 

(iii) {Cf;p) is a non-cylindrical end of finite type, 

(iv) the singularities of Cf do not accumulate at p. 

Using Fact 17.31 and Remark 17.51 we can restate these conclusions as: 

Theorem 7.6 (Properties of E-ends). Let /: AI^ be a non-totally-umbilic 

weakly complete flat front, with a regular end p {see Definition \5.5\i . Then p is also 
a weakly complete regular end of Cf . Moreover: 

• //ordp Q > —2, then the end {Cf;p) has multiplicity m{Cf,p) = ^ ordp Q + 
m{f,p) + 1, and {Cf;p) is non-co-orientable if and only i/ ordp Q is odd. 
Moreover, {Cf;p) is a cylindrical end of finite type. The singularities ofCf 
do not accumulate at p if and only if{f;p) is of snowman-type. 

• // ordp Q < —2, then ordp Q < —4 and is necessarily an even integer, and 
the end {Cf]p) has multiplicity m{Cf,p) = m{f,p). In particular, (Cf;p) 
is co-orientable. Moreover, {Cf;p) is a non- cylindrical end of finite type. 

Finally, we prove Theorem [0 in the introduction. 

Proof of Theorem\^ (2) follows from (1) by Theorems O O We now assume 
(2) and prove (1). By Proposition 15.41 the domain of Cf is biholomorphic to a 
compact Riemann surface minus finitely many points, so the same holds for / as 
well. 

Let p be an arbitrary end oi Cf. By Corollary 15.21 and Proposition 13.21 and 
assumption (2), Cf lifts to a double cover on which its canonical 1-forms Wc and 9c 
have finite order at p. By (|6.5|1 . Q = —{uic — 0c)^/4, and ordp Q is finite. Since cUc 
has finite order and Gc is meromorphic, each component of £c has finite order at 
p, by H2.12|l for Cf. By the components {£c)ij of satisfy 



Therefore dC and dG, have finite orders at p, so C and G* do as well. Hence / 
has a regular end at p. 

Next we shall show that / is weakly complete (at any E-end p). Without loss of 
generality, we may assume C{p) ~ C^Xp) = 0. If ordp Q < —2, then 



where uj ~ ujdz, 9 — 9 dz and Q ~ Qdz^. So obviously / is weakly complete at p. 
Let us consider the case ordp Q > — 1. Then there is a local coordinate z giving 




and 



dsli = \uj\' + \9\^ = (p|2 + \9\^)\dz\^ > 2\uj9\\dz\^ = 2|Q||dz|2, 



(7.20) 



z™ and G = 2"+''(a + o(l)), {a^Q,k>l). 
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Therefore, dG/ (G — G*) has order fc — 1 at z = 0, and so is holomorphic at z = 0. 
Then ^ in (|2.13(l is a holomorphic function which docs not vanish at z = 0. This 
imphes that / is weakly complete at z = 0, because of (|2.15() and H7.20|l . □ 
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